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Lecture 11. PCA vs. MDS: Schoenberg Theory

Instructor: Yuan Yao, Peking University Scribe: Deng, Yanzhen; Li, Changcheng; Ren, Jie

Introduction

In this lecture, we shall introduce Multi-Dimensional Scaling (MDS) which is equivalent to PCA when
pairwise Euclidean distances are known among data points.

First, recall PCA: given a set of points x1, x2, ..., xn ∈ Rp, let

X = [x1, x2, ..., xn]p×n

µ̂n =
1

n

n∑
i=1

xi =
1

n
·X · 1

where 1 = (1, 1, ..., 1)T ∈ Rn.

Define

X̃ = X − 1

n
X · 1 · 1T or x̃i = xi − ûn

Σ̂n =
1

n− 1

n∑
i=1

(xi − µ̂n)(xi − µ̂n)T =
1

n− 1
(X̃ · X̃T )

Then PCA is given by eigen-decomposition of X̃ · X̃T
p×p. Top k eigenvectors give rise to a k-dimensional

embedding of data.

For PCA, given (centralized) Euclidean coordinate X̃, we can get the inner product ( or pairwise distances

between points) X̃ · X̃T which is a p× p matrix.

For MDS, an inverse problem is raised: given inner product, or equivalently pairwise distances between
points, can we find a system of Euclidean coordinates for data points? Such a metric embedding problem
has a long history tracing back to 1930s and leads to many important modern fields in data analysis.

1 Classical MDS

In this section we study classical MDS, or metric Multidimensional scaling problem.

The distance between point xi and xj is

d2ij = ‖xi − xj‖2 = (xi − xj)T (xi − xj) = xi
Txi + xj

Txj − 2xi
Txj .

General ideas of classic (metric) MDS is:
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1. transform squared distance matrix D to an inner product form;

2. compute the eigen-decomposition for this inner product form.

Below we shall see how to do this given D.

Let K be the inner product matrix
K = XTX,

with k = diag(Kii) ∈ Rn. So
D = (d2ij) = k · 1T + 1 · kT − 2K

Originally, we have

x̃i = xi − µ̂n = xi −
1

n
·X · 1.

or

X̃ = X − 1

n
X · 1 · 1T

Thus,

K̃ , X̃T X̃ = (X − 1

n
X · 1 · 1T )

T

(X − 1

n
X · 1 · 1T ) = K − 1

n
K · 1 · 1T − 1

n
1 · 1T ·K +

1

n2
· 1 · 1T ·K · 1 · 1T

Let

B = −1

2
H ·D ·HT

where H = I − 1
n · 1 · 1

T . H is called as a centering matrix.

So

B = −1

2
H · (k · 1T + 1 · kT − 2K) ·HT

Since k · 1T ·HT = k · 1(I − 1
n · 1 · 1

T ) = k · 1− k(1T ·1
n ) · 1 = 0, we have H · k 1 ·HT = H · 1 · kT ·HT = 0.

Therefore,

B = H ·K ·HT = (I− 1

n
·1 ·1T ) ·K ·(I − 1

n
· 1 · 1T ) = K− 1

n
·1 ·1 ·K− 1

n
·K ·1 ·1T +

1

n2
·1(1T ·K1) ·1T = K̃.

That is,

B = −1

2
H ·D ·HT = X̃T X̃.

Above we have shown that given a squared distance matrix D = (d2ij), we can convert it to an inner prod-

uct matrix by B = −1

2
HDHT . Eigen-decomposition applied to B will give rise the Euclidean coordinates

centered at the origin.

2 MDS algorithm

Based on the theory above, we could conclude a algorithm of MDS as following,

Given the squared distance matrix Dn×n, which is symmetric matrix,
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(1) Compute B = −1

2
H ·D ·HT , where H is a centering matrix.

(2) Do eigen-decomposition of B, such that B = UΛUT . Choose the top-k eigenvectors, define X̃ =

Λk
1
2UTk where Uk = [u1, . . . , uk] (uk ∈ Rn) and Λk = diag(λ1, . . . , λk) with λ1 ≥ λ2 ≥ . . . ≥ λn ≥ 0. This is

the k-dimensional Euclidean coordinations for the n points in lower dimension.

In Matlab, the command for computing MDS is ”cmdscale”, short for Classical Multidimensional Scal-
ing. For non-metric MDS, you may choose ”mdscale”. Figure 1 shows an example of MDS.

(a)

(b) (c)

Figure 1: MDS of nine cities in USA. (a) Pairwise distances between 9 cities; (b) Eigenvalues of B =

−1

2
H ·D ·HT ; (c) MDS embedding with top-2 eigenvectors.

3 Theory of MDS (Young/Househölder/Schoenberg’1938)

Definition (Positive Semi-definite). Suppose An×n is a real symetric marix,then:
A is p.s.d.(positive semi-definite)(A � 0) ⇐⇒ ∀v ∈ Rn, vTAv ≥ 0 ⇐⇒ A = Y TY

Property. Suppose An×n, Bn×n are real symetric marix, A � 0, B � 0. Then we have:

1. A+B � 0;

2. A ◦B � 0;

where A ◦B is called Hadamard product and (A ◦B)i,j := Ai,j ×Bi,j .
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Definition (Conditionally Negative Definite). Suppose An×n is a real symetric marix,then:
A is c.n.d.(conditionally negative definite) ⇐⇒ ∀v ∈ Rn,1vT =

∑n
i=1 vi = 0, we have vTAv ≤ 0

Lemma 3.1 (Young/Househölder-Schoenberg ’1938). For any signed probability measure α (α ∈ Rn,
∑n
i=1 αi =

1),

Bα = −1

2
HαCH

T
α � 0 ⇐⇒ C is c.n.d.

where Hα is Householder centering matrix: Hα = I− 1 · αT .

Proof.

⇐ ∀x ∈ Rn

xTBαx = −1

2
xTHαCH

T
α x = −1

2
(HT

α x)TC(HT
α x)

Since 1T ·HT
α x = 1T · (I−α · 1T )x = (1− 1T ·α)1T · x = 0 (1T ·α = 1 for signed probability measure)

and C is c.n.d., we have:

xTBαx = −1

2
(HT

α x)TC(HT
α x) ≥ 0.

So Bα is p.s.d.

⇒ ∀x ∈ Rn satisfies 1T · x = 0, we have:

HT
α x = (I− α · 1T )x = x− α · 1Tx = x

Thus,
xTCx = (HT

α x)TC(HT
α x) = xTHαCH

T
α x = −2xTBαx ≤ 0

So, C is c.n.d.

This completes the proof.

Theorem 3.2 (Classical MDS). Let Dn×n a real symmetric matrix. C = D− 1

2
d ·1T − 1

2
1 ·dT , d = diag(D).

Then:

1. Bα = − 1
2HαDH

T
α = − 1

2HαCH
T
α for ∀α signed probability measrue;

2. Ci,j = Bi,i(α) +Bj,j(α)− 2Bi,j(α)

3. D c.n.d. ⇐⇒ C c.n.d.

4. C c.n.d. ⇒ C is a square distance matrix (i.e. ∃Y n×k s.t. Ci,j =
∑k
m=1(yi,m − yj,m)2)

Proof.

1. HαDH
T
α −HαCH

T
α = Hα(D − C)HT

α = Hα( 1
2d · 1

T + 1
21 · dT )HT

α .
Since Hα · 1 = 0, we have

HαDH
T
α −HαCH

T
α = 0

2. Bα = − 1
2HαCH

T
α = − 1

2 (I− 1 · αT )C(I− α · 1T ) = − 1
2C + 1

21 · αTC + 1
2Cα · 1

T − 1
21 · αTCα · 1T , so

we have:

Bi,j(α) = −1

2
Ci,j +

1

2
ci +

1

2
cj −

1

2
c



Lecture 11. PCA vs. MDS: Schoenberg Theory 5

where ci = (αTC)i, c = αTCα. This implies

Bi,i(α) +Bj,j(α)− 2Bi,j(α) = −1

2
Cii −

1

2
Cjj + Cij = Cij ,

where the last step is due to Ci,i = 0.

3. Accoding to Lemma 3.1 and the first part of Theorem 3.2: C c.n.d. ⇐⇒ B p.s.d ⇐⇒ D c.n.d.

4. Accoding to Lemma 3.1 and the second part of Theorem 3.2:
C c.n.d. ⇐⇒ B p.s.d ⇐⇒ ∃Y s.t. Bα = Y TY ⇐⇒ Bi,j(α) =

∑
k Yi,kYj,k ⇒ Ci,j =

∑
k(Yi,k−Yj,k)2

This completes the proof.

Sometimes, we may want to transform a square distance matrix to another square distance matrix. The
following theorem tells us the form of all the transformations between squared distance matrix.

A Schoenberg Transform Φ is a transform from R+ to R+, which takes d to

Φ(d) =

∫ ∞
0

1− exp (−λd)

λ
g(λ)dλ,

where g(λ) is some nonnegative measure on [0,∞) s.t∫ ∞
0

g(λ)

λ
dλ <∞.

Examples of Schoeberg transforms include

• φ1(d) =
1− exp(−ad)

a
with g1(λ) = δ(λ− a) (a > 0);

• φ2(d) = ln(1 + d/a) with g2(λ) = exp(−aλ);

• φ3(d) =
d

a(a+ d)
with g3(λ) = λ exp(−aλ) (see more in Bavoud 2010).

Note that Schoeberg transform satisfies φ′(d) =
∫∞
0
exp(−λd)g(λ)dλ and φ′′(d) = −

∫∞
0

exp(−λd)λg(λ)dλ,

etc. In other words, φ is related to the so called completely monotonic functions (−1)nf (n)(x) ≥ 0.

Theorem 3.3 (Schoenberg Transform). Given D a square distance matrix, Ci,j = Φ(Di,j). Then:
C is a square distance matrix ⇐⇒ Φ is Shoenberg Transform.


